In this paper, we investigate positive solutions to the doubly degenerate parabolic equation not in divergence form with gradient term u t = u m div(|∇u| . Here we introduce some precise technique for the 'concavity method' to deal with the difficult non-divergence form of the model.
Introduction
This paper studies the doubly degenerate parabolic equation not in divergence form with gradient term with p =  and q = p +  = , for which it was shown that, for sufficiently large domains, the solutions of (.) must blow up in finite time regardless of the size of the initial value. The more general situation with p >  and q >  was studied by Wiegner [, ] . We refer to [] for more results on (.). where m ≥ , p > , and they obtained the critical exponent q c = p + m -, namely, the solutions are global if q < q c , and there exist both global and blow-up solutions if q > q c . In the critical case q = q c , blow-up or not of solutions will be determined by the size of the domain.
As for the doubly degenerate diffusion equation with gradient term
Zhou et al. proved the existence conditions of solutions [-].
A natural question is in what way the additional gradient term in (.) affects the behavior of solutions. It will be shown that, depending on the complicated interaction among the multi-nonlinearity parameters m, p, q, and r, the problem (.) admits the critical exponent r c = pm-q p- , for which there is some substantial difficulty to be overcome due to the doubly degenerate diffusion of non-divergence in (.). In particular, to treat the critical case r = r c , we will introduce an auxiliary problem
p- and h(s) solving an ODE problem. We will explore a 'concavity method'
where some precise technique is necessary to deal with the difficult non-divergence form with the general f (w). Throughout the paper, denote by λ  the first Dirichlet eigenvalue of the problem
Local existence of weak solutions
We begin with the local existence of solutions to (.). Denote
The following comparison principle will play a crucial role in the paper, the proof of which can be found in [] .
Lemma . Let L be the parabolic differential operator defined by
with continuous functions f and g, f ≥ .
Lu i is well defined in T and
Assume f and g are Lipschitz with respect to u in a neighborhood of u i ( T ), i =  or , and in addition either u
Since (.) degenerates when u =  or |∇u| = , the problem does not admit classical solutions in general. Here we deal with nonnegative weak solutions, defined as follows.
Definition . A nonnegative measurable function u ∈ E is called a weak subsolution of problem (.)
The weak supersolution is defined by the opposite inequality, and u is a weak solution of (.) if it is both a subsolution and a supersolution to (.).
To show the local solvability of (.), consider the following regularized problem:
where ∈ (, ). Denote the classical solution of problem (.) by u η . It is easy to prove for fixed η ≥  that u η ≥ , and u η is increasing in .
(.)
Proof
Step . A priori estimates for u η . At first it is easy to show that there exist
In fact, let U solve
Multiply (.) by u s η , and integrate over T ,
We have
and hence
Step . Uniform integrability.
with C  to be defined. Then for any measurable set E ⊂ ,
in with
. We have by (.) and (.)
where
It follows from (.) that
By using a similarly procedure with (.), we can obtain
Furthermore, for any fixed ζ > , again by (.), we have
Step . Convergence of u η . By Dunford-Pettis theorem, we know from the inequalities (.), (.), (.), (.), (.), and (.) that for any ∈ (, ), there exist a subsequence of u η (denoted still by
where denotes weak convergence, and
Obviously, as η → , we have I  →  due to p > , I  →  by (.), and I  →  because of (.) and the dominated convergence theorem. Consequently,
By a similar procedure, we have
In summary of (.), (.), (.), (.), and (.), it is true for any
Together with the initial and boundary conditions, we conclude that u is a weak solution of problem (.).
Proof From (.) and the comparison principle, u is bounded and increasing in . So,
Moreover, the estimate (.) is obviously true for η = , namely,
On the other hand, set u := c  e -ξ t ϕ(x) for (x, t) ∈ × [, ∞), with ϕ defined by (.) and
Since ϕ ∈ C  ( ) (see [] ) and ϕ >  in , there exists c K such that
Then n ⊂⊂ , and n → as n → ∞. Together with (.) and (.), we have
Thus, there exists a subsequence = k →  such that
It is easy to see the inequality (.) is still valid for u k when  is replaced by  . So, there exists a subsequence of k such that
By induction, we obtain a subsequence nk such that
Similar to the above procedure, we see that the estimates (.)-(.) hold as well for u nk with n instead of . Consequently,
For such K , there exists n ∈ N such that K ⊂⊂ n . By (.) and the dominated convergence theorem, we obtain
Notice that u nk satisfies
Letting nk →  in (.), by (.)-(.), we conclude for the limit function u that
In addition, u satisfies the initial and boundary conditions of (.) (in the sense of trace). This proves that u is a weak solution of (.).
We know by the proof of Theorem .
. Let T * be the maximal existence time of the solution u. We get the following proposition immediately.
Remark  It is mentioned that the uniqueness of such weak solutions to the problem (.) cannot be ensured. In the rest of the paper, the solution of (.) always means the maximal solution of (.), for which the comparison principle is valid.
Global existence and nonexistence of solutions
We discuss the existence and nonexistence of global solutions to the problem (.) in this section, via a complete classification on the parameters m, p, q as follows:
Correspondingly, we have three theorems for them. . Choose α ∈ (, ) such that
, with M ≥  to be determined. Then
with some c > . Due to the choice of α, we have
If contains a ball with radius R large enough, then all solutions of (.) blow up in finite time.
Proof Suppose for contradiction that for any R >  such admits a global solution u to (.) with suitable initial data u  . Without loss of generality, assume B R () ⊂ . We first show that for any fixed M > , there exists t  >  such that u ≥ M in B  × (t  , ∞).
) small to be determined, λ R and φ R the first eigenvalue and eigenfunction in the domain B R , normalized
where y(t) is a nondecreasing positive function on [, ∞) to be determined with suitable δ > . A direct computation yields
, and choose y  and δ such that y  ≤ 
For n ∈ N with n > max{p,
Multiply (.) by θ n and integrate over B  ,
, by (.), (.), with M > , we have
Combine (.), (.), and (.) to get
We conclude from (.) and (.) that B  uθ n dx must blow up in finite time. 
, and hence
For the above σ with r > Proof Without loss of generality, assume ⊂ {x ∈ R N |R < x  < R}. Set z := Kx κ  for (x, t) ∈ × (, ∞), with K >  and  < κ <  to be determined. A simple calculation yields
Noticing r ≥ In addition,
on the parabolic boundary of × (, ∞) due to the choice of κ. We conclude that z is a time-independent supersolution of (.).
